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THE POSITIVE SCHUR PROPERTY ON POSITIVE PROJECTIVE
TENSOR PRODUCTS AND SPACES OF REGULAR MULTILINEAR
OPERATORS
GERALDO BOTELHO, QINGYING BU, DONGHAI JI, AND KHAZHAK NAVOYAN
Abstract. We characterize the positive Schur property in the positive projective tensor
products of Banach lattices, we establish the connection with the weak operator topology
and we give necessary and sufficient conditions for the space of regular multilinear oper-
ators/homogeneous polynomials taking values in a Dedekind complete Banach lattice to
have the positive Schur property.
1. Introduction and background
A Banach lattice E has the positive Schur property (PSP in short) if every weakly null
sequence formed by positive elements of E is norm null. A lot of research has been done
recently on the PSP, see, e.g., [3, 4, 12, 15, 21, 24, 25]. It is worth mentioning that the PSP
differs from the usual Schur property for Banach spaces, for instance it is well known that
L1[0, 1] has the PSP and fails the Schur property.
Our contribution to the study of the positive Schur property is splitted into three closely
related sections.
In Section 2 we caracterize the positive Schur property in the positive projective tensor
product E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em of the Banach lattices E1, . . . , En by means of almost Dunford-
Pettis operators.
Following the line of a classical result due to Lust (see Theorem 3.1) about the Schur
property in the space of weak*-weak continuous operators and recent developments due to
Tradacete [21], in Section 3 we establish the connection between the positive Schur property
on dual spaces and the weak operator topology. In this section we also show that the space
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of regular weak*-weak*-continuous linear operators between dual Banach lattices is not a
vector lattice with respect to the pointwise ordering.
In Section 4 we extend a classical linear result due to Wnuk (see Theorem 4.1) to the
multilinear and polynomial settings, characterizing the positive Schur property in the spaces
of regular multilinear operators and regular homogeneous polynomials taking values in
Dedekind complete Banach lattices.
For the general theory of Banach lattices we refer to [14] and for multilinear operators
and homogeneous polynomials on Banach spaces we refer to [7, 16]. Now we recall a few
basic notions. For a Banach lattice E, E+ = {x ∈ E : x ≥ 0} is the positive cone of E and
E∗ denotes the topological dual of E. Given Banach lattices E1, . . . , Em, E, F , an m-linear
operator T : E1 × · · · × Em → F is said to be:
• positive if T (x1, . . . , xm) ∈ F
+ whenever x1 ∈ E
+
1 , . . . , xm ∈ E
+
m;
• regular if T is the difference of two positive m-linear operators;
• an m-morphism if |T (x1, . . . , xm)| = T (|x1|, . . . , |xm|) for all x1 ∈ E1, . . . , xm ∈ Em.
Let Lr(E1, . . . , Em;F ) denote the space of all regular m-linear operators from E1×· · ·×
Em to F , which becomes a Banach lattice with the regular norm ‖T‖r = ‖ |T | ‖ if F is
Dedekind complete (see, e.g., [6]). By E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em we denote the positive projective
tensor product of the Banach lattices E1, . . . , Em, that is, the completion of the m-fold
vector lattice tensor product (E1⊗¯ · · · ⊗¯Em,⊗) (see [8, 9, 20]) with respect to the positive
projective tensor norm defined by
‖u‖|pi| = inf
{ n∑
k=1
‖x1,k‖ · · · ‖xm,k‖ : n ∈ N, xi,k ∈ E
+
i , |u| ≤
n∑
k=1
x1,k ⊗ · · · ⊗ xm,k
}
,
for every u ∈ E1⊗¯ · · · ⊗¯Em. Then ‖ · ‖|pi| is a lattice norm on E1⊗¯ · · · ⊗¯Em (see [6, 9]),
hence E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em is a Banach lattice. By ⊗m we denote the canonical m-morphism
given by
⊗m : E1 × · · · ×Em −→ E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em , ⊗m(x1, . . . , xm) = x1 ⊗ · · · ⊗ xm.
The following result, which follows from [6, Proposition 3.3] combined with [6, p. 849 item(c)
and (3.2)], is basic for our purposes.
Theorem 1.1. Let E1, . . . , Em be Banach lattices. For every Banach lattice F and any reg-
ular m-linear operator T ∈ Lr(E1, . . . , Em;F ) there exists a unique regular linear operator
3T⊗ ∈ Lr
(
E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em;F
)
such that the following diagram is commutative
E1 × · · · × Em
T
//
⊗m

F
E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em
T⊗
88
q
q
q
q
q
q
q
q
q
q
q
q
that is,
T (x1, . . . , xm) = T
⊗(x1 ⊗ · · · ⊗ xm)
for all x1 ∈ E1, . . . , xm ∈ Em. Moreover, the correspondence T 7→ T
⊗ is isometrically iso-
morphic and bi-positive between the ordered Banach spaces Lr(E1, . . . , Em;F ) and
Lr
(
E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em;F
)
. If, in addition, F is Dedekind complete, then the correspondence
T 7→ T⊗ is also lattice homomorphic between the Banach lattices Lr(E1, . . . , Em;F ) and
Lr
(
E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em;F
)
.
We say that a Banach lattice E is positively isomorphic to a subspace of the Banach
lattice F if there is a positive linear operator T : E −→ F that is a topological isomorphism
onto its range. The next straightforward lemma will be helpful several times.
Lemma 1.2. Let E and F be Banach lattices such that E is positively isomoprhic to a
subspace of F . If F has the PSP, then E has the PSP as well.
2. The positive Schur property in the positive projective tensor product
It is a long standing problem whether or not the projective tensor product of Banach
spaces with the Schur property has the Schur property as well (see, e.g., [5, 10]). As far
as we know, the related problem for Banach lattices has not been investigated yet. Our
purpose in this section is to give characterizations of the positive Schur property on the
positive projective tensor product of Banach lattices.
To do so, we recall the following class of operators introduced by Sa´nchez [19] and
developed by several authors, see, e.g. [2, 17, 23]: a linear operator u : E −→ F from the
Banach lattice E to the Banach space F is said to be an almost Dunford-Pettis operator if
(u(xn))n is norm null in F for every pairwise disjoint weakly null sequence (xn)n in E.
For Banach lattices E and F , it is easy to see that the set of almost Dunford-Pettis
regular operators from E to F is a closed linear subspace of Lr(E;F ).
Theorem 2.1. The following are equivalent for the Banach lattices E1 . . . , Em.
(1) E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em has the PSP.
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(2) For every Banach lattice G and any T ∈ Lr(E1, . . . , Em;G), the linearization T
⊗ ∈
Lr(E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em;G) is an almost Dunford-Pettis operator.
(3) For every Banach lattice G and any T ∈ Lr(E1, . . . , Em;G), there exists a Banach
lattice H, an m-linear operator A ∈ Lr(E1, . . . , Em;H) and an almost Dunford-
Pettis operator u ∈ Lr(H;G) such that T = u ◦ A.
Proof. (1) ⇒ (2) Let (zn)n ⊆ (E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em)
+ be such that zn
w
−→ 0. By the PSP of
E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em we have ‖zn‖ −→ 0, and the continuity of T
⊗ gives T⊗(zn) −→ T
⊗(0) =
0. By [2, Theorem 2.2] it follows that T⊗ is an almost Dunford-Pettis operator.
(2)⇒ (3) Just take H = E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em, A = ⊗m and u = T
⊗.
(3)⇒ (1) Take G = E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em and consider the canonical m-linear regular opera-
tor ⊗m ∈ L
r(E1, . . . , Em;E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em). It is clear that the linearization (⊗m)
⊗ of ⊗m
is the identity operator on E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em (it follows from the uniqueness in Theorem 1.1).
By (3) there exist a Banach lattice H, a regular m-linear operator A ∈ Lr(E1, . . . , Em;H)
and an almost Dunford-Pettis regular linear operator u ∈ Lr(H,E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em) such
that ⊗m = u ◦ A. For all x1 ∈ E1,. . ., xm ∈ Em,
(u ◦A)⊗(x1 ⊗ · · · ⊗ xm) = (u ◦A)(x1, . . . , xm) = u(A(x1, . . . , xm))
= u(A⊗(x1 ⊗ · · · ⊗ xm)) = (u ◦A
⊗)(x1 ⊗ · · · ⊗ xm).
E1 × · · · × Em H G
E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em
⊗m
A u
A⊗
(u◦A)⊗
Since both (u ◦A)⊗ and u ◦A⊗ are regular linear operators, the uniqueness in Theorem
1.1 gives
idE1⊗ˆ|pi|···⊗ˆ|pi|Em = (⊗m)
⊗ = (u ◦A)⊗ = u ◦ A⊗.
Take (zn)n ⊆ E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em such that zn ≥ 0 for every n ∈ N and zn
w
−→ 0. Continuous
linear operators are weak-weak continuous, so
(A⊗)+(zn)
w
−→ 0 and (A⊗)−(zn)
w
−→ 0.
Since (A⊗)+(zn) ≥ 0 and (A
⊗)−(zn) ≥ 0 for every n, and u is an almost Dunford-Pettis
operator, a second application of [2, Theorem 2.2] gives
u((A⊗)+(zn)) −→ 0 and u((A
⊗)−(zn)) −→ 0,
5from which it follows that
zn = idE1⊗ˆ|pi|···⊗ˆ|pi|Em(zn) = u(A
⊗(zn)) = u
(
(A⊗)+(zn)− (A
⊗)−(zn)
)
= u
(
(A⊗)+(zn)
)
− u
(
(A⊗)−(zn)
)
−→ 0.
Hence, E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em has the PSP. 
3. Connections with the weak operator topology
Spaces of weak*-weak linear operators on dual Banach spaces proved to be closely con-
nected to the investigation of the Schur property on Banach and locally convex spaces (see,
e.g., [5, 13, 18]). The following result due to Lust is illustrative:
Theorem 3.1. [13] The Banach spaces X and Y have the Schur property if and only if the
closed subspace of L(X∗, Y ) consisting of all weak*-weak continuous operators (that is, all
operators T ∈ L(X∗, Y ) for which T ∗(Y ∗) ⊆ X) has the Schur property.
For Banach lattices, Tradacete [21] introduced the weak operator topology-PSP in Lr(E;F )
and the weak* operator topology-PSP in L(E;F ∗) to study the dual positive Schur property
(see [21, Theorems 2 and 3]).
By Lrw∗(F
∗, E∗) we denote the ordered vector subspace of Lr(F ∗, E∗) consisting of all
weak*-weak* continuous regular linear operators from the dual E∗ of the Banach lattice E
to the dual F ∗ of the Banach lattice F . Combining the strategies of Lust and Tradacete,
in this section we prove the equivalence between the PSP on E∗ and F ∗ with the weak
operator topology-PSP on Lrw∗(F
∗∗;E∗).
First, let us stress that Lrw∗(F
∗, E∗) is not a vector lattice with the pointwise ordering
in general.
Example 3.2. In order to establish that Lrw∗(F
∗, E∗) fails to be a vector lattice with
the pointwise ordering in general, we will show that there are Banach lattices E and F
and an operator V ∈ Lr(E;F ) such that |V ∗| /∈ Lrw∗(F
∗, E∗). This is enough because
V ∗ ∈ Lrw∗(F
∗, E∗).
Our reasoning is based on [1, Example 1.74], where it is claimed that there is an operator
T : ℓ1 −→ ℓ∞ such that |T
∗| < |T |∗. It just so happens that we noticed that there is a gap
in this example: in the 13th line of the example, we read “〈|T |′φ, e〉 = 〈φ, |T |e〉”, while |T |
cannot be applied on e = (1, 1, . . . ) /∈ ℓ1 in that particular example.
Fortunately, V. G. Troitsky and A. W. Wickstead, to whom we express our thankfulness,
constructed correct examples of operators V : c −→ c, where c is the closed subspace of ℓ∞
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formed by all convergent sequences, such that |V ∗| 6= |V |∗ (private communications to the
authors). For the benefit of the reader, we describe these two examples.
The Troitsky operator. It is plain that
T : c −→ c , T (x1, x2, . . . ) = (x1 − x2, x2 − x3, x3 − x4, . . . ).
is a regular operator. Let us prove that |T | exists and
|T |(x1, x2, . . . ) = (x1 + x2, x2 + x3, x3 + x4, . . . ) for every 0 ≤ (x1, x2, . . . ) ∈ c.
Considering the operator
S : c −→ c , S(x1, x2, . . . ) = (x1 + x2, x2 + x3, . . . ),
we have to prove that |T | exists and |T | = S. Indeed, we have ±Tx ≤ Sx for every x ∈ c+,
so that ±T ≤ S. On the other hand, suppose that ±T ≤ R for some R ∈ Lr(c; c). Clearly,
R ≥ 0. It suffices to show that R ≥ S, because it would mean that S = sup{T,−T},
and the latter is the definition of |T |. Note that ±Tx ≤ Rx for every x ∈ c+, therefore
|Tx| ≤ Rx for every x ∈ c+. For a fixed x = (x1, x2, . . . ) ∈ c
+,
Rx ≥ R(x1, 0, . . . ) ≥ T (x1, 0, . . . ) = (x1, 0, . . . ).
For every n > 1,
Rx ≥ R(0, . . . , 0,
n︷︸︸︷
xn , 0, . . . ) ≥ |T (0, . . . , 0,
n︷︸︸︷
xn , 0, . . . )| = |(0, . . . , 0,
n−1︷︸︸︷
−xn,
n︷︸︸︷
xn , 0, . . . )|
= (0, . . . , 0,
n−1︷︸︸︷
xn ,
n︷︸︸︷
xn , 0, . . . ).
hence,
Rx ≥ R(0, . . . , 0,
n︷︸︸︷
xn ,
n+1︷ ︸︸ ︷
xn+1, 0, . . . ) = R
(
(0, . . . , 0,
n︷︸︸︷
xn , 0, . . . ) + (0, . . . , 0,
n+1︷ ︸︸ ︷
xn+1, 0, . . . )
)
= R(0, . . . , 0,
n︷︸︸︷
xn , 0, . . . ) +R(0, . . . , 0,
n+1︷ ︸︸ ︷
xn+1, 0, . . . )
≥ (0, . . . , 0,
n−1︷︸︸︷
xn ,
n︷︸︸︷
xn , 0, . . . ) + (0, . . . , 0,
n︷ ︸︸ ︷
xn+1,
n+1︷ ︸︸ ︷
xn+1, 0, . . . )
= (0, . . . , 0,
n−1︷︸︸︷
xn ,
n︷ ︸︸ ︷
xn + xn+1,
n+1︷ ︸︸ ︷
xn+1, 0, . . . ) ≥ (0, . . . , 0,
n︷ ︸︸ ︷
xn + xn+1, 0, . . . ) =: y
(n).
It is easy to see that the sequence (y(n))n has supremum in c, which is exactly Sx. It follows
that Rx ≥ Sx for every x ∈ c+, therefore R ≥ S. This proves the claim that |T | = S.
7Let ε∞ ∈ (c
∗)+ be defined by
ε∞(x1, x2, . . . ) = lim
n→∞
xn for every x = (x1, x2, . . . ) ∈ c. (1)
Fix e := (1, 1, . . .) ∈ c and note that
〈|T |∗ε∞, e〉 = 〈ε∞, |T |e〉 = ε∞(2, 2, . . . ) = 2.
Since c∗ is a dual space, it is Dedekind complete and hence the Riesz-Kantorovich formula
yields that
|T ∗|ε∞ = sup{|T
∗ψ| : |ψ| ≤ ε∞}.
Let ψ ∈ c∗ satisfy |ψ| ≤ ε∞ and let x = (x1, x2, . . . ) ∈ c
+. Then,
|〈T ∗ψ, x〉| = |〈ψ, T (x)〉| ≤ 〈|ψ|, |Tx|〉 ≤ 〈ε∞, |Tx|〉 = 〈ε∞, (|x1 − x2|, |x2 − x3|, . . . )〉
= lim
n→∞
|xn − xn+1| = 0.
Therefore, T ∗ψ = 0, and hence |T ∗|ε∞ = 0. In particular, 〈|T
∗|ε∞, e〉 = 0 6= 2 =
〈|T |∗ε∞, e〉, proving that |T
∗| < |T |∗.
The Wickstead operator. Again, it is plain that
W : c −→ c , Wx =W (x1, x2, . . . ) = x− e · lim
k→∞
xk = (xk − lim
j→∞
xj)
∞
k=1,
is a regular operator. For any x = (xk)
∞
k=1 = (x1, x2, . . . ) ∈ c
+,
x = (x1, x2, . . . ) = sup
{
y = (y1, y2, . . . ) ∈ c : 0 ≤ y ≤ x and lim
k→∞
yk = 0
}
(2)
= sup{y = (y1, y2, . . . ) ∈ c0 : 0 ≤ y ≤ x}.
Denoting by I the identity operator on c, I ≥ W and I ≥ 0. On the other hand, if
U ≥W,U ≥ 0, that is, if U is an arbitrary upper bound for {W, 0}, and x = (x1, x2, . . . ) ≥ 0,
then
Uy ≥Wy and Ux ≥ Uy for every y ∈ c with 0 ≤ y ≤ x.
Therefore, Ux ≥ Wy for every y ∈ c with 0 ≤ y ≤ x, implying that Ux is an upper bound
for {Wy : y ∈ c, 0 ≤ y ≤ x}. So, Ux is also an upper bound for{
Wy : y = (yk) ∈ c, 0 ≤ y ≤ x and lim
k→∞
yk = 0
}
=
{
y : y ∈ c, 0 ≤ y ≤ x and lim
k→∞
yk = 0
}
,
where the last equality holds because Wy = y− lim
k→∞
yk · e = y whenever lim
k→∞
yk = 0. From
(2) we get that Ux ≥ x = Ix any x ∈ c+, proving that U ≥ I. It follows that W+ exists
and is equal to I, because above it was observed that I is an upper bound for {W, 0}, and
the arbitrary upper bound U of {W, 0} is greater than I. Thus, I = sup {W, 0} =W+.
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Considering again the linear functional ε∞ ∈ (c
∗)+ (see (1)), we have
W ∗(ε∞)(x) = ε∞(Wx) = lim
k→∞
{(
xk − lim
j→∞
xj
)∞
k=1
}
= 0
for all x = (x1, x2, . . . ) ∈ c, so W
∗(ε∞) = 0. Since c
∗ is Dedekind complete and ε∞ is an
atom,
(W ∗)+(ε∞) = sup{W
∗µ : 0 ≤ µ ≤ ε∞} = 0.
As W+ = I, in particular we have (W+)∗(ε∞) = I
∗(ε∞) = ε∞ 6= 0, hence (W
∗)+ 6= (W+)∗
and it follows that |W ∗| 6= |W |∗.
Let V be either the Troitsky operator T or the Wickstead operator W . Suppose that
|V ∗| ∈ Lrw∗(F
∗, E∗). In this case there exists an operator S : c −→ c such that |V ∗| = S∗.
Then, ±V ∗∗ ≤ S∗∗, so restricting these second adjoints to E we get that ±V ≤ S, hence
|V | ≤ S. Consider the canonical unit vectors (ei)i and note that, for all x ∈ E
+ and i ∈ N,
(Sx)i = 〈e
∗
i , Sx〉 = 〈S
∗e∗i , x〉 = 〈|V
∗|e∗i , x〉 ≤ 〈|V |
∗e∗i , x〉 = 〈e
∗
i , |V |x〉 = (|V |x)i,
from which it follows that S(x) ≤ |V |(x) for every x ∈ E+, that is, S ≤ |V |. From S = |V |
we conclude that |V |∗ = S∗ = |V ∗|, a contradiction that shows that |V ∗| /∈ Lrw∗(F
∗, E∗).
Since V ∗ ∈ Lrw∗(F
∗, E∗), it follows that Lrw∗(F
∗, E∗) fails to be a vector lattice.
For Banach spaces E and F , we recall that a sequence of operators (Tn) ⊆ L(E;F )
converges to zero in the weak operator topology (wot) if 〈y∗, Tnx〉 −→ 0 for all x ∈ E and
y∗ ∈ F ∗.
The connection of the PSP with the space of weak*-weak* continuous operators is made
by the following concept introduced by Tradacete:
Definition 3.3. [21] Let E and F be Banach lattices. A subspace X of Lr(E;F ) has the
wot-PSP if for every sequence of positive operators (Tn) ⊆ X
+ with Tn −→ 0 in the weak
operator topology, it follows that ‖Tn‖ −→ 0.
Theorem 3.4. The following are equivalent for the Banach lattices E and F :
(1) E∗ and F ∗ have the PSP.
(2) Lrw∗(F
∗∗;E∗) has the wot-PSP.
(3) (E⊗ˆ|pi|F )
∗ has the PSP.
Proof. (1) ⇒ (2) Let (Sn)n ⊆ L
r
w∗(F
∗∗;E∗) be a sequence of positive weak∗-to-weak∗
continuous operators such that Sn −→ 0 in the weak operator topology. Then, for every
n ∈ N there exists Tn ∈ L
r(E;F ∗) such that Sn = T
∗
n , and 〈x
∗∗, Sn(y
∗∗)〉 −→ 0 for all
x∗∗ ∈ E∗∗, y∗∗ ∈ F ∗∗. Note that ‖Sn‖ = ‖T
∗
n‖ = ‖Tn‖ for every n.
9Suppose that (Sn)n is not norm null. In this case there exists α > 0 such that (up to a
subsequence if necessary) ‖Sn‖ = ‖Tn‖ > α for every n. Then, for every n ∈ N there exists
xn ∈ BE+ such that ‖Tn(xn)‖ ≥ α. For all x
∗∗ ∈ E∗∗ and y∗∗ ∈ F ∗∗,
〈x∗∗, Sn(y
∗∗)〉 = 〈x∗∗, T ∗n(y
∗∗)〉 −→ 0,
which implies that T ∗n(y
∗∗)
w
−→ 0 in E∗. By the PSP of E∗ we have
‖T ∗n(y
∗∗)‖ = ‖T ∗n((y
∗∗)+ − (y∗∗)−)‖ ≤ ‖T ∗ny
∗∗+‖+ ‖T ∗ny
∗∗−‖ −→ 0.
Thus, for every y∗∗ ∈ F ∗∗,
|〈y∗∗, Tn(xn)〉| = |〈T
∗
n(y
∗∗), xn〉| ≤ ‖T
∗
n(y
∗∗)‖ · ‖xn‖ −→ 0.
It follows that Tnxn
w
−→ 0 in F ∗, from which the PSP of F ∗ yields that ‖Tnxn‖ −→ 0. This
is a contradiction because ‖Tnxn‖ ≥ α for every n ∈ N. Therefore, ‖Sn‖ −→ 0, proving
that Lrw∗(F
∗∗;E∗) has the wot-PSP.
(2)⇒ (3) The assumption is that Lrw∗(F
∗∗;E∗) has the wot-PSP. Take (φn)n ⊆ (E⊗ˆ|pi|F )
∗
a sequence of positive functionals such that (φn) is weakly convergent to zero. We have
already used that (E⊗ˆ|pi|F )
∗, Lr(E,F,R) and Lr(E;F ∗) are isometrically isomorphic and
lattice homomorphic. Let (Tn)n be the sequence of the corresponding operators for (φn),
that is, each Tn ∈ L
r(E;F ∗) and
〈Tn(x), y〉 = φn(x⊗ y) for all x ∈ E and y ∈ F.
Given x∗∗ ∈ E∗∗ and y∗∗ ∈ F ∗∗, define
ξx∗∗,y∗∗ : (E⊗ˆ|pi|F )
∗ −→ R , ξx∗∗,y∗∗(φ) = 〈T
∗∗
φ (x
∗∗), y∗∗〉.
It is easy to check that ξx∗∗,y∗∗ ∈ (E⊗ˆ|pi|F )
∗∗. As 0 ≤ φn
w
−→ 0 in (E⊗ˆ|pi|F )
∗, we have
ξx∗∗,y∗∗(φn) = 〈T
∗∗
φn
(x∗∗), y∗∗〉 = 〈x∗∗, T ∗φn(y
∗∗)〉 −→ 0,
for all x∗∗ ∈ E∗∗ and y∗∗ ∈ F ∗∗. This means that
(
T ∗φn
)
n
is convergent to zero in weak
operator topology in Lrw∗(F
∗∗;E∗). The wot-PSP of the space Lrw∗(F
∗∗;E∗) gives ‖T ∗φn‖ −→
0. Since
‖T ∗φn‖ = ‖Tφn‖ = ‖ |Tφn | ‖ = ‖Tφn‖r = ‖φn‖
for every n, we conclude that ‖φn‖ −→ 0, which proves that (E⊗ˆ|pi|F )
∗ has the PSP.
(3)⇒ (1) Fixed 0 6= y∗ ∈ (F ∗)+, it is clear that E∗ is positively isometric to a subspace
of Lr(E,F ;R) via the embedding
x∗ ∈ E∗ 7→ x∗ ⊗ y∗ ∈ Lr(E,F ;R) , (x∗ ⊗ y∗)(x, y) = x∗(x)y∗(y).
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The same holds for F ∗. Since Lr(E,F ;R) is isometrically isomorphic and lattice homomor-
phic to (E⊗ˆ|pi|F )
∗ (Theorem 1.1), the implication follows Lemma 1.2. 
4. Spaces of regular multilinear operators and homogeneous polynomials
In the Banach space setting, Ryan proved that the space of bounded linear operators
from the Banach space E to the Banach space F has the Schur property if and only if the
dual E∗ of E and F have the Schur property [18, Theorem 3.3]. The extension of this result
to the multilinear and polynomial cases was done in [5].
The lattice counterpart of Ryan’s linear result was settled by Wnuk:
Theorem 4.1. [22, Theorem 3] Let E and F be Banach lattices with F Dedekind complete.
The space Lr(E;F ) of regular operators from E to F has the positive Schur property if and
only if E∗ and F have the positive Schur property.
In this section we extend Wnuk’s result to the multilinear and polynomial cases, that is,
we characterize the positive Schur property on the Banach lattices Lr(E1, . . . , Em;F ) of reg-
ular m-linear operators from E1×· · ·×Em to F and P
r(mE;F ) of regular m-homogeneous
polynomials from E to F , where F is Dedekind complete. We end up with characterizations
similar to [5, Proposition 4.3], for example, in Theorem 4.4 we prove that Lr(E1, . . . , Em;F )
has the PSP if and only if E∗1 , . . . , E
∗
m and F have the PSP.
We start by characterizing the positive Schur property in spaces of regular bilinear op-
erators.
Theorem 4.2. Let E1, E2, F be Banach lattices with F Dedekind complete. Then, the Ba-
nach lattice of regular bilinear operators Lr(E1, E2;F ) has the PSP if and only if E
∗
1 , E
∗
2 , F
have the PSP.
Proof. Suppose E∗1 , E
∗
2 , F have the PSP. Theorem 4.1 gives that L
r(E1, E
∗
2) has the PSP.
Since (E1⊗ˆ|pi|E2)
∗ = Lr(E1, E
∗
2) lattice isometrically, it follows that (E1⊗ˆ|pi|E2)
∗ has the
PSP. Now that we know that (E1⊗ˆ|pi|E2)
∗ and F have the PSP and F is Dedekind complete,
Theorem 4.1 gives that Lr(E1⊗ˆ|pi|E2;F ) has the PSP, hence L
r(E1, E2;F ) has the PSP by
Theorem 1.1.
The converse may be proved applying Theorem 4.1 twice, but we’d rather give an el-
ementary reasoning. Suppose that Lr(E1, E2;F ) has the PSP. Fix 0 6= ϕ2 ∈ (E
∗
2)
+ and
0 6= y ∈ F+. It is easy to see that E∗1 is positively isomorphic to a subspace of L
r(E1, E2;F )
via the operator
T : E∗1 −→ L
r(E1, E2;F ) , T (ϕ1)(x1, x2) = ϕ1(x1)ϕ2(x2)y.
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By Lemma 1.2, E∗1 has the PSP and, analogously, E
∗
2 has the PSP as well. Fix 0 6= ϕj ∈
(E∗j )
+, j = 1, 2, and note that F is positively isomorphic to a subspace of Lr(E1, E2;F ) via
the operator
T : F −→ Lr(E1, E2;F ) , T (y)(x1, x2) = ϕ1(x1)ϕ2(x2)y.
The PSP of F follows from Lemma 1.2. 
Now we turn to the multilinear case.
Proposition 4.3. For Banach lattices E1, . . . , Em, (E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em)
∗ has the PSP if
and only if E∗1 , . . . , E
∗
m have the PSP.
Proof. First we assume that E∗1 , E
∗
2 , . . . , E
∗
m have the PSP. By Theorem 3.4, (E1⊗ˆ|pi|E2)
∗
has the PSP. Now suppose that (E1⊗ˆ|pi| · · · ⊗ˆ|pi|En)
∗ has the PSP for some n < m. Since
(E1⊗ˆ|pi| · · · ⊗ˆ|pi|En)
∗ and E∗n+1 have the PSP, calling on Theorem 3.4 once again and using
the associativity of the positive project tensor product [9, Corollary 1G], we conclude that
(E1⊗ˆ|pi| · · · ⊗ˆ|pi|En⊗ˆ|pi|En+1)
∗ =
(
(E1⊗ˆ|pi| · · · ⊗ˆ|pi|En)⊗ˆ|pi|En+1
)∗
has the PSP.
Conversely, assume that (E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em)
∗ has the PSP. Up to isometric isomorphisms
and lattice homomorphisms,
Lr(E1; (E2⊗ˆ|pi| · · · ⊗ˆ|pi|Em)
∗) = Lr(E1;L
r(E2, . . . , Em;R)) = L
r(E1, E2, . . . , Em;R)
= (E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em)
∗,
so, Lr(E1; (E2⊗ˆ|pi| · · · ⊗ˆ|pi|Em)
∗) has the PSP. By Theorem 4.1, E∗1 and (E2⊗ˆ|pi| · · · ⊗ˆ|pi|Em)
∗
have the PSP. Starting now with (E2⊗ˆ|pi| · · · ⊗ˆ|pi|Em)
∗, a repetition of this reasoning gives
that E∗2 has the PSP, and so on. 
Next we have the multilinear version of Theorem 4.1.
Theorem 4.4. Let E1, . . . , Em, F be Banach lattices with F Dedekind complete. Then
Lr(E1, . . . , Em;F ) has the PSP if and only if E
∗
1 , . . . , E
∗
m and F have the PSP.
Proof. We just have to combine some of the previous results:
E∗1 , . . . , E
∗
m and F have the PSP⇐⇒ (E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em)
∗ and F have the PSP
⇐⇒ Lr(E1⊗ˆ|pi| · · · ⊗ˆ|pi|Em;F ) has the PSP
⇐⇒ Lr(E1, . . . , Em;F ) has the PSP,
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where the first equivalence follows from Proposition 4.3, the second from Theorem 4.1 and
the third from Theorem 1.1. 
By Pr(mE;F ) we denote the Banach lattice of regular continuous m-homogeneous poly-
nomials from E to F (see [6]). We write Lr(mE;F ), Lr(mE) and Pr(mE) instead of
Lr(E, (m). . ., E;F ), Lr(mE;R) and Pr(mE;R), respectively.
Theorem 4.5. Let E and F be Banach lattices with F Dedekind complete. Then the
following are equivalent.
(1) E∗ and F have the PSP.
(2) Lr(E;F ) has the PSP.
(3) Lr(mE;F ) has the PSP for every m ∈ N.
(4) Lr(mE;F ) has the PSP for some m ∈ N.
(5) Pr(mE;F ) has the PSP for every m ∈ N.
(6) Pr(mE;F ) has the PSP for some m ∈ N.
(7) Lr(mE) has the PSP for every m ∈ N and F has the PSP.
(8) Lr(mE) has the PSP for some m ∈ N and F has the PSP.
(9) Pr(mE) has the PSP for every m ∈ N and F has the PSP.
(10) Pr(mE) has the PSP for some m ∈ N and F has the PSP.
Proof. (1)⇔ (2) follows from Theorem 4.1. From [6, Theorem 3.3] we have that Lr(mE;F )
is isometrically isomorphic and lattice homomorphic to Lr(E⊗ˆ|pi|
(m)
· · · ⊗ˆ|pi|E;F ) = L
r(⊗ˆm,|pi|E;F ),
so (1)⇔ (3) and (1)⇔ (4) follow from Theorem 4.4. Thus, (1)− (4) are equivalent.
From inequalities (2.13) in [6] we know that the correspondence that associates a polyno-
mial P ∈ Pr(mE;F ) to its (unique) associated symmetricm-linear operator Pˇ ∈ Lr(mE;F )
is a positive isomorphism into. So, Pr(mE;F ) is positively isomorphic to a subspace of
Lr(mE;F ). Lemma 1.2 gives (3)⇒ (5) and (4)⇒ (6).
Using again that Lr(mE;F ) is isometrically isomorphic and lattice homomorphic to
Lr(⊗ˆm,|pi|E;F ) and calling on [6, Theorem 3.3] to get that
(
⊗ˆm,|pi|E
)∗
is isometrically
isomorphic and lattice homomorphic to Lr(mE), from Theorem 4.1 we get (3) ⇔ (7) and
(4)⇔ (8).
Let ⊗ˆm,s,|pi|E denote the positive m-fold symmetric projective tensor product of E (see
[6]). By [6, Proposition 3.4] we know that Pr(mE;F ) is isometrically isomorphic and
lattice homomorphic to Lr(⊗ˆm,s,|pi|E;F ) and, in particular,
(
⊗ˆm,s,|pi|E
)∗
is isometrically
isomorphic and lattice homomorphic to Pr(mE). Theorem 4.1 gives (5) ⇔ (9) and (6) ⇔
(10).
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Since (9) ⇒ (10) is obvious, all that is left to prove is (10) ⇒ (1). To prove this
implication, fix γ ∈ (E∗)+, ‖γ‖ = 1, and consider the operator
T : E∗ −→ Pr(mE) , T (ϕ)(x) = ϕ(x)γ(x)m−1.
In [11, Corollary 4.2] it is proved that T is a positive isomorphism onto its range, that is,
E∗ is positively isomorphic to a subspace of Pr(mE). Lemma 1.2 completes the proof. 
Corollary 4.6. The following are equivalent for a Banach lattice E:
(1) E∗ has the PSP.
(2) Lr(mE) has the PSP for every m ∈ N.
(3) Lr(mE) has the PSP for some m ∈ N.
(4) Pr(mE) has the PSP for every m ∈ N.
(5) Pr(mE) has the PSP for some m ∈ N.
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